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INTRODUCTION 
The following theorem was proved by Heywood [lj for the case 
y < 2 and by Boas and Gonzalez-Fern&ndez [2] and Kennedy [3] as 
a corollary of more general theorems. 
THEOREM A. Sufipose that f(x) = Z c, X* has radius of covcvergence 1, 
and that the c, >, 0 ultimately. We have 
(i) if y -=c 1 then (1 - x)-yf(x) E L(0, 1) e-22, ny- 1 covc7~e~g~s, 
(ii) if k < y  < k + 1 where k is an integer > 1 assume that 
~c,=~c,vL= . . . =ic,n(n-I)...(%-k+2)=0, 
0 1 k-l 
(‘1 
then if y # k, (1 - x)-y f(x) E L(0, 1) o 22, de1 converges, and if y = k, 
(1 .- x)-y f(x) E L(0, 1) 0 22, VP-~ log n converges. 
It is natural to investigate what can be said if the assumption of the 
constancy of sign of the coefficients c, is relaxed. In this regard Kennedy 
[4! has proved the following. 
* Part of this work was done while the author was a Temporary Member of the 
Institute of Mathematical Sciences of New York University and part while a member 
of the Mathematics Research Center, U.S. Army under Contract. No. DA-11-022- 
2059. 
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THEOREM B. S@$ose that f(x) = Zc,, x” has radius of convergence 1, 
and that 
n 
log 12 2 c, ---f u, o! a real number, as n + oa, (2) 
the% lim,, i Jg(l - c,--l@) d x exists 0 Zc, log n converges. 
It can be observed that while Theorem A relates Lebesgue integrability 
to the absolute convergence of a series, Theorem B relates the existence 
of an improper integral to the convergence of a series. This suggests 
that for y < 1 we write the condition lim,+i si(l - x)-y f(x) dx exists 
as the condition lim,+i Zc- sOp(l - x)-v x” dx exists and expect that 
the + statement would now be related to a tauberian theorem. We shall 
establish here a general theorem of a tauberian nature and obtain some 
special results from it. The abelian counterpart will be discussed in 
another note. 
We will replace the powers (1 - x)-Y by the more general family 
d of logarithmico-exponential functions [5]. In this note we will denote 
by #(y) a given function of d defined and positive for y > a where a 
is some sufficiently large number and we will say that the order of 4(y) 
with respect to y as y --f w is y if and only if lim,,, (log #(y)/log y) = y, 
in this case we can write equivalently that #(y) = yy #i(y) where &(y) E &’ 
is of order 0 with respect to y as y + co. One of the purposes of working 
with the family d is that it constitutes in many respects a satisfactory 
scale of growths [6, 51. 
We will denote by f(x) = 2 c,, X” a power series with real coefficients 
and radius of convergence 1. 
We define the number b > 0 by a = l/(1 - b). 
THEOREM 1. If y < 1 is the filzite order of 4(y) E 8 with res$ect to y 
as y -+ 00, assume that 
lii(#(&)f(x) dx exists 
0 
2 c,,[$ (A) xn dx converges 
b 
(4) 
(5) 
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and moreover 
lim 2 c, 
Ptl 
~~~~jx.dx=l’“~~~~~x~d~. (6) 
b i 
Then we shall prove our main theorem. 
THEOREM 2. Let y  ‘be the order of t/~(y) E 6 with respect to y  as y  -+ 00. 
If  either (i) 0 < y -C 1, OY (ii) y = 0 and #(l/(1 - x)) is not decreasiltg OH 
some left hand side neighborhood of x = 1, assume that 
C,P+j (C > 0) 
for all sufficiently large n, then (4) 3 (5) and (6). 
For the case that I/J(Y) = constant, Theorem 2 reduces to Hardy 
and Littlewood’s Ot-theorem. This latter theorem can be proved by 
appealing to Karamata’s theorem [7-91 and this has been the approach 
used here to prove Theorem 2. After the works of Ingham [lo] and 
Wielandt [ll] an even more direct proof of the Hardy and Littlewood 
theorem can be given; however these techniques don’t seem to lend 
themselves readily in the case that instead of powers of p we have functions 
of the form 
P 
b 
As an application of Theorem 2 we have the following 
COROLLARY 1. If 0 < y < 1 and if 
1 
c,>-c-$ (C > 0) 
for all sufficiently large n, then 
(8) 
P 
lim 
5 
(1 - x)-y f(x) 0% exists 5 2 c, W--l converges. P) 
Ptl 
n 
For the case that the order of #(y) with respect to y as y 4 03 is 
larger than one and nonintegral we shall prove the following. 
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THEOREM 3. Let y be the order of t/(y) E d with respect to y as y + co. 
If k < y < k + 1 where k is a gives irtteger > 1 assume that (1) and (7) 
hold, then (4) = 
zc,,nki(l - xjka,b(&)xndx converges. 
b 
For the case that y is a positive integer the techniques of this paper 
do not seem to be systematically efficient and the theorems that can 
be obtained for this case are not general enough to warrant stating them 
here. 
As an application of Theorem 3 we have the following. 
COROLLARY 2. If k < y -=c k + 1 where k is an integer 3 1 assume 
that (1) and (8) hold, the% (9) holds. 
The case where #(l/(1 - x)) = (1 - x)-Y, y = k > 1, k integer, which 
is not amenable to the techniques of this paper can be treated by an 
iteration of Kennedy’s techniques [4]. Theorems of a somewhat different 
nature have been proved by Heywood [12]. 
PROOFS OF THE THEOREMS 
Before going into the proofs of the theorems we shall make some 
general remarks. 
If (a,), n = 0, 1, 2,. . , is a given sequence we write 
A-W = a,, -4&“) = A,%,) = &Lw Ank(a,) = i A,“‘(a,). 
0 m=o 
and W,, = 2; vu,; when no ambiguity can arise we will delete the reference 
to the original sequence. 
Since the validity of these theorems depends on the behavior of 
#(l/(1 - x)) on a small enough left hand side neighborhood of x = 1, 
the lower limit b < 1 of integration used in the proofs that follow should 
be as sufficiently close to 1 as the argument used in each proof requires. 
To prove Theorem 1 it is sufficient, following Tauber [13], to show 
that 
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as p 1 I, where N = [l/(1 - P)j, i.e., that 
as p ? 1. First, using (3) we estimate S,, 
for some 
and :14] 
N’ depending on e ; but since 151 
1 
as p t 1, 
then S, + 0 as p t 1. In order to estimate S, we first consider the case 
where #(l/(1 - x)) is monotonically increasing near x = 1, and second 
the case where it is monotonically decreasing there. In the first case 
for p sufficiently close to 1. In the second case we observe that there 
exists integer k > 1 such that (1 - x)- k #(l/(1 - x)) is monotonically 
increasing near x = 1 so 
!SlI < i; ,%,(l -pl-V(&)~(l - X)kX”dX 
Y Ll 0 
and since P s (1 - X)k X”&% 
0 
= i k(k - 1). . . (k - i + 1) 
(1 - P)k-jpn+i+l 
i=O 
(n + 1) (1E + 2). . . (n + i +- 1) 
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then 
,s,j <c/JjA. @+l 
j=. &&&n)(n+l)l ( +.+1p (11) . ..n 1 
by recalling that nk #( H is increasing with z the generic term of (11) is ) 
majorized by 
which is bounded by a function which is - E Bi as p t 1; hence S, -+ 0 
as p tl. 
To prove Theorem 2 we need some lemmas. 
LEMMA 1. If the asszlmpions of Theorem 2 are satisfied thert (4) G- 
f(x) = O( 1 - x)# ;l,(l - x)) j as x tl. (12) 
PROOF : Write 
then 
and 
co 
F”@) = 4’ & cc4 + S(g-)~cnqP-? 
( 1 0 1 
We also observe that (7) implies that [la] for some fixed M, 
i: cm - Y) hf cPs pn’ - (1 - p) $(1/p _ p)) near FJ = l, 
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and 
jc,np”-l>- cq2 - y) -~. 
.w 
(1 - ##(l/(1 - p)) near P = I. 
Now for 0 < y < 1, 
then 
so F”(p) > - C/(1 - P)~ near p = 1. 
For y = 0 and 1,!~(1/(1 - x)) nondecreasing near .Y = 1 we have that 
751 
O<#’ ( 1’- 1 <EL 1 
P l--P 
4 __ 1 near p = 1 
1 - P 
so F”(p) >-C/(1 -P)~ near p = 1. 
Now by a lemma of Hardy and Littlewood 17, p. 1581 we can conclude 
that F’(p) = o(l/(l - p)) as p t 1, i.e., 
f(x) = O ((1 - x$(,1 - x) i as x fl. 
LEMMA 2. If the asszcmptions of Theorem 2 are satisfied then (12) + 
PROOF: Consider the power series Z{[C/4(n)] + cn)xn of positive 
coefficients. Since [14] 
7 X8 2 w - Y) @ij- - (1 - x)$(1/(1 - x), as x + l 
and since 
f@) = O (1 - .)&(l - x)) i 1 
462 GONdLEZ-FERNANDEZ 
then [7, p. 1661 
C N 
__ as N-foe, 
- 1-y WY 
but now using the fact that CN C/#(n) N CN/(I - y)+(N) as N -+ CO, 
the lemma follows. 
LEMMA 3. Szcppose that y < 1 is the finite order of 1,3(y) with respect to 
y  as y  + 00 the% 
1 
s 
16w - 4) 0% 
(C- x) #(l/(1 - x)) = a(X) 
tends to l/(y + 1) as x t 1, monotonically on a left hand neighborhood 
of 1. 
PROOF: The fact that a(x) ---f l/(y + 1) is known; we only prove here 
the monotonicity of a(x). Since 
1 
- (1 - 4 ~“(l/(l - 4) - [Cl - 4 W/(1 - ~))1’~4J(l/(l - 4) d.2 
a’(x) = __~___ 
x [(l - 416(1/(1 - 4)12 
it is sufficient to show that 
is of constant sign near x = 1, but since [(l - x)$(1/(1 - x))]‘E B is of 
constant sign near x = 1 it is sufficient to show that 
1 
- (1 - xM2W - 4) 
y(x) = [(l - x)$(1/(1 - - H ) + & lb x 
is of constant sign near x = 1, now for this it is enough to show that 
y’(x) is of constant sign near x = 1, but 
y’(x) = r - (1 - ~M”(W - 4) (1 - x)a/G(l/(l - x))]’ }+*(iA& 
hence it has that property. 
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LEMMA 4. If the assumfitions of Theorem 2 are satisfied assume that 
(14) 
then (4) 3 
exists. 
PROOF : Since W,/ (rt + 1) = A, - A,,l/(rc + 1) and since ZA, 9 and 
,224 l x” are convergent for 1x1 < 1 we can write n 
Now the first term at the right is sg #(l/(1 - x))Zp c, Pdx which by 
(4) tends to a limit as p t 1. In order to show that the second term at 
the right tends also to a limit as p t 1 it is sufficient to show that 
exists ; write 
where 
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Now [51 Y(p) - (1 - p)” $(1/O - p)) as p t 1 and 
m An1 c 1 a+1 (1 -p&1,(1 -p), 
because of (14) and the fact that 
2 i&p- 
F(- Y + 2) 
(1 - P)21cI(1/Q - PI) 
as p t 1 [14]. So the only thing left to show is that 
P m 
5 
Y(x) &,y A,1 x”dx 
b 1 
exists, but by Lemma 3, Y(x)/[(l - ~)~$(l/(l - x))J tends to zero 
monotonically near x = 1 so the existence of that limit is equivalent 
to the existence of 
P 
lim 
5 
(1 - 
Ptl 
b 
which is assumption (4). 
We now prove Theorem 
that c,, = 0. We observe 
m 
c A,l X” dx 
1 
2. We can assume without loss of generality 
that Lemma 1 plus Lemma 2 give that 
A, = o(H/z&)) so A,l = o(Pz~/#(~)) and 
06) 
Write 
w,-w,--1 
?z 
&(Pb 
TAUBERIAN THEOREMS 465 
Now 
but since [I51 0 < gN(p) < gN(l) N r(- y + l)#(N)/N as N + 00 then 
(16) gives that 
-w$ gdp) ---, 0 as N-+w. (17) 
Therefore 
b+ l(P) ~- 
n+l I 
= A(P) + B(P)- 
Now 
which by Lemma 4 tends to a limit as p t 1 and then by Theorem 1 and 
(16) we have that 
converges, and its sum is equal to lim,,, A(p). As another consequence 
we have that 
P m  
W+t 
n(fl + 1) 
xn ax 
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exists but since E’,/[~(vz + l)] = 0(1/#(n)) again Theorem 1 gives that 
converges and its sum is equal to lim,+, B(p). Now 
- ~~~(l-x)~(~)x~~x-~g~(ll 
b 
but then (17) and (18) give that 2” c,, ji#(l/(l - x))Pdx converges. 
So, collecting results, 
which concludes the proof of Theorem 2. 
To prove Corollary 1 we need the following lemma. 
LEMMA 5. Assume that 0 < y < 1 then 
1 1 
5 
(1 - x)-YX”dX 
5 
(1 - x)-y x*+‘dX 
0 
fly-1 -co (n + l)y-l 
for n= 1,2,... . 
PROOF: Since for m integer > I and for b real > 0, 
1 
(l-z)b-lxm-ldx= (m-1)! 
b(b+ l)...(b+m- 1) 
0 
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then we have to show that (t + n + l)rt’ < (n + l)t +r, for n = 1, 2,. . . , 
where 0 < t = - y + 1 < 1. For n = 1 this inequality is immediate, 
for n > 2 it follows by using the binomial expansion of (?z + l)‘+l. 
The proof of Corollary I follows from Theorem 2, the fact that 
1 
5 (1 - x)-vxndxNr(-y i l)nY-’ h 
;LS 
Zf 
PZ -+ 00, Lemma 5, and Abel’s test. 
To prove Theorem 3 we need the following lemma. 
LEMMA 6. Let y  be the order of I/J(Y) E d with respect to y  as y  3 bo. 
k < y < k + 1 where k is an ilzteger 3 1, assume that (7) and 
cc 
,$,=i,c.= . . . =~yk-lc,=o (19) 
0 1 1 
hold, then 
A,k-j(w~-lcC,) > or < (- l)‘-jC& 
for all sufficiently large, where j = 1, 2,. . . , k, for k - j even OY odd respec- 
tiveh. 
PROOF: It is sufficient to prove that 
A,k-l(c,) > or < (- l)k-lC --L--- 
w--$b*(n) ’ 
for all n sufficiently large, for k - 1 even or odd respectively. 
First we observe that if K is an integer > 0 
hK(Cv) = & i c,(lt + 1 - w)(n + 2 - w). . . (n + K - y); (21) 
v=O 
expression (21) can be proved by induction on K, using the fact that [16] 
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So then 
A~k-l(cJ = (k _’ l)! “=. #it c,12+1-v)(1Z+2-v)...(~+k-l-v) 
which with assumption (19) gives that 
ABk-Y4 = (p/;! v=nCkCv v 2 (-n- k+1)...(v-tt-2)(Y-fz- 1). 
(23) 
Hence, for sufficiently large n assumption (7) gives that 
A,* - l(c,) > or (24) 
<(-l)k-’ m 
C 2 b,(v - n - k + 1). . .(v - n - 2)(~ - vz - 1) 
(k - l)! v=n+,Q 
according to k being even or odd respectively, where b, = l/(vy &(v)). 
Now we observe that for K integer > 1 and b, of fixed sign 
& 2 bvb - N + l)(v - A’ + 2). . . (v - N + K) (25) 
v=N 
= /ij 2 . . . fib,, 
v~=NY~-~=Y~ v,=v, Y=Y~ 
expression (25) can be proved by induction on K, using (22). 
Then using (25) we can write 
m 
’ 
(k - l)! 
2 b,(v - n - k+l)...(v-n-2)(2,---1) 
v=nfk 
as 
j jj . . . ..j!ib. 
vk--1=“+kvk-2=vk--1 Y,=Y~Y=Y,  
which is N C/(BY-~ &(a)) as n -+ 00. This with (24) completes the proof 
of Lemma 6. 
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To prove Theorem 3 we proceed by induction on k. The case k = 0 
is case (i) of Theorem 2. For any given k > 1 we observe first that (1) 
and (19) are equivalent, then by Lemma 6 it is sufficient to prove that 
if (20) is satisfied for j = 1, 2,. . . , k then (4) 3 (10) for k, assuming 
that the implication holds for k - 1. We write 
where 
2 
b 
a2 - as x tl. 
We now consider 
P co 
F(p) = 
and observe that the order y’ of yek 3(y) with respect to y as y 
satisfies 0 < y’ = y - k < 1 and since (20) gives for i = 1 
A k-l(~,) > or < (- l)k-l C/(#’ I&(W)) then Lemma 1 gives 
(1”- p)#(l/(l - p))L’~ c,p”+O as p t 1, then by (26) we have 
Y(p)L’~ c, p” -+ 0 as p t 1 and then 
P 
‘pii 
5 
exists. 
b 1 
(26) 
-+uJ 
that 
that 
that 
(27) 
By the same argument used to prove Lemma 3 it can be shown that 
‘v(x)/[(l - x)$(1/(1 - x))] tends to l/(y - 2) as x t 1, monotonically near 
x = 1, hence by Abel’s test (27) is equivalent to the existence of 
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which we now write as 
P m  
where c,,’ = c, n, but the order y’ of d(y) with respect to y as y + 00 
satisfies k - 1 < y’ = y - 1 < k and we can write the so far unused 
part j = 2, 3,. . . , k of our assumptions as 
A,@--1)--‘(yi’c,‘) > or < (- I)k-l-j’ 
n- (k-:w ’ 
j’= 1,2, . . ..k- 1 
then by the induction hypothesis we can conclude that 
c,’ nk--l j(l- X)“+-)d* 
b 
converges, i.e., 
converges, which concludes the proof of Theorem 3. 
The proof of Corollary 2 is analogous to that of Corollary 1. 
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